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We propose a simple direct-sum method for the efficient evaluation of lattice sums in periodic
solids. It consists of two main principles: i) the creation of a supercell that has the topology of a
Clifford torus, which is a flat, finite and border-less manifold; ii) the renormalization of the distance
between two points on the Clifford torus by defining it as the Euclidean distance in the embedding
space of the Clifford torus. Our approach does not require any integral transformations nor any
renormalization of the charges. We illustrate our approach by applying it to the calculation of the
Madelung constants of ionic crystals. We show that the convergence towards the system of infinite
size is monotonic, which allows for a straightforward extrapolation of the Madelung constant. We
are able to recover the Madelung constants with a remarkable accuracy, and at an almost negligible
computational cost.
To describe properties of regular crystalline systems it
is convenient to use periodic boundary conditions (PBC).
Indeed PBC are widely used in solid-state physics and
chemistry as well as in material sciences. In the case
of short-range interactions PBC can be imposed via the
Born - Von Ka´rma´n (BvK) boundary conditions. How-
ever, often long-range interactions are present due to the
Coulomb potential, and then BvK boundary conditions
cannot be applied. In this work we propose an alterna-
tive to the BvK boundary conditions that is compatible
with the long-range Coulomb potential.
In our formalism we extract a supercell from the crys-
tal, and then modify its topology into the topology of a
torus. However, in order to conserve the regular structure
of the crystal, and in particular, the angles between the
Bravais lattice vectors, we use a Clifford torus. A Clifford
torus is a flat, closed d-dimensional real Euclidean space
embedded in a d-dimensional complex Euclidean space.
We note that, alternatively, the embedding space could
be a 2d-dimensional real space. At the end, the supercell
extracted from the original system has been transformed
into a toroidal manifold in which all the atoms that were
equivalent in the original crystal are still equivalent. We
note that the use of flat tori has been suggested in the
solid state, in order to impose PBC, in the so-called
cyclic-cluster approach. [1] Finally, a torus formalism
has also been suggested by Mamode in order to compute
the Madelung energy of hypercubic crystals of any di-
mension, through the solution of the Poisson equation in
a finite space. [2, 3]
The topology of the Clifford torus raises the question
how to define the distance between two points on the
Clifford torus. Naively, one might think to define this dis-
tance as the shortest distance on the torus. For example,
for a one-dimensional supercell of length L on a Clifford
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torus, i.e., a Clifford torus that is topologically equiva-
lent to a circle with a circumference equal to L, such a
distance between points x1 and x2 is given by |x1 − x2|
for |x1−x2| < L/2 and L−|x1−x2| for |x1−x2| > L/2.
However, the derivative of this distance with respect to
x1 or x2 is discontinuous at |x1 − x2| = L/2. Therefore,
also the forces, which are related to the gradient of the
Coulomb potential are discontinuous with respect to the
position. This is clearly an unphysical result. However,
there is another distance that is also naturally defined for
the Clifford torus, namely the distance in the embedding
space that contains the torus. This distance is a unique
and smooth function of the position and we will use it to
define the Coulomb potential. In summary, our approach
consists of two main ideas: 1) We adapt the supercell to
the topology of a Clifford torus ; 2) We renormalize the
distance between two points on the Clifford torus as the
distance between those points in the embedding space of
the torus. [4]
In this work we will illustrate our approach by applying
it to the calculation of Madelung sums for the cohesion
energy of ionic solids. The calculation of these sums are
conceptually difficult due to the fact that, because of the
long-range nature of the Coulomb potential, the resulting
series is conditionally convergent. For this reason, special
care must be taken to perform such a summation, since
the result depends on the order in which the summation
is carried out.
Madelung sums are a special type of lattice sums which
can be performed either by direct summations or indi-
rectly by integral transformations. In the case of di-
rect summations it has been shown that neutrality of
the supercell is required to accelerate convergence, and
sometimes even to ensure convergence at all. [5] There-
fore, fractional charges are sometimes needed in order
to ensure convergence. Two early methods of this type
have been proposed by Evjen [5] and by Højendahl [6].
In Evjen’s approach, for example, the surface charges
are renormalized by applying weights equal to 1/8, 1/4,
and 1/2 for charges on the corners, edges, and faces,
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2respectively. Unfortunately, these approaches do not
always converge. Therefore, more advanced charge-
renormalization techniques have been proposed [7–9]. It
has also been shown that the speed of convergence is
directly related to the number of vanishing multipolar
moments in the unit cell. [9, 10] In this way, by imposing
a number of vanishing moments in the cell, exponential
convergence can be achieved [9, 11]. However, the main
drawback of these approaches is that they require the
renormalization of a large number of charges in the su-
percell.
The most commonly used integral-transformation
method, on the other hand, was proposed by Ewald [12],
and several related methods have been proposed in the
literature. [13–16] These approaches generally converge
to the correct values. However, these approaches are also
more cumbersome to implement and can, therefore, not
always be applied. [9] Therefore, an accurate and numer-
ically efficient direct-sum approach would be desirable.
We will show below that our approach based on a Clif-
ford torus allows for a simple direct-sum approach yield-
ing converged results. No renormalization of the charges
is required. Instead we use a simple renormalization of
the distance between ions. We note that, thanks to the
PBC, all moments vanish by definition.
Let us consider a Bravais lattice in d dimensions. Let
vj be the generator vectors of a unit cell (not necessarily
a primitive unit cell). A generic vector |u〉 belonging to
the unit cell is given by the vector
|u〉 =
d∑
j=1
αj |vj〉, (1)
with 0 ≤ αj < 1. Given a set of positive integers
K1, · · · ,Kd, we define the Euclidean supercell (ESC) as
the parallelepiped generated by the vectors
|Vj〉 = Kj |vj〉. (2)
The ESC thus consists of
∏d
j=1Kj replicas of the unit
cell. A generic vector |WESC〉 in the ESC is given by
|WESC〉 = |u〉+
d∑
j=1
kj |vj〉 =
d∑
j=1
xj |vj〉 (3)
where xj = αj + kj , with 0 ≤ kj ≤ Kj − 1.
In a completely analogous way, we define the Clifford
supercell (CSC) as the Clifford torus associated to the
ESC, obtained by joining the opposite edges of the cor-
responding ESC. A generic point in the CSC is thus given
FIG. 1. An illustration of a Clifford supercell for a 2-
dimensional NaCl structure; red dots represent Na+ and green
dots represent Cl−. The dashed blue line indicates the renor-
malized distance between two ions in the Coulomb potential.
It is the shortest distance in the embedding space of the torus.
We note that a true Clifford torus has a flat surface which is
impossible to represent graphically.
by
|WCSC〉 =
d∑
j=1
Kj
2pi
ei2pixj/Kj |vj〉, (4)
The factor
Kj
2pi ensures that the circumference of a cir-
cle with such a radius coincides with the length of the
corresponding edge of the ESC. We remind the reader
that a d-torus is the product of d circles. We note that,
since the ESC and the corresponding CSC are built with
the same unit vectors vj , the two supercells are locally
isometric.
To treat Coulomb potentials we have to define the dis-
tance between two points on the torus. Since the CSC is
embedded in Cd, we define the distance between the two
points A and B as the usual norm, in Cd, of the difference
|RCSCAB 〉 = |WCSCB 〉 − |WCSCA 〉 of the two corresponding
position vectors,
|RCSCAB 〉 =
d∑
j=1
Kj
2pi
(
ei2pix
B
j /Kj − ei2pixAj /Kj)|vj〉. (5)
Therefore, the distance RCSCAB = ‖RCSCAB ‖ between A and
B is given by
RCSCAB =
 d∑
j=1
K2j
2pi2
[
1− cos
(
2pi
Kj
[xBj − xAj ]
)]
‖vj‖2
1/2 ,
(6)
where for simplicity we assumed that 〈vi|vj〉 = δij , since
in practice one can often choose a supercell with orthog-
3onal edges. We note that this definition of the distance
between two points is closely related to the modified po-
sition operator that we recently proposed for electrons
in periodic systems. [4]. In Fig. 1 we show an illustra-
tion of a CSC for a 2-dimensional NaCl structure and the
renormalized distance between the ions.
Let us now consider the following general double lattice
sum S =
∑
A
∑
B f
(
RCSCAB
)
where both A and B run
over two sets of equivalent points in the CSC, and f is
an arbitrary real function. We note that the two sets, A
and B, could coincide. More precisely, using Eq. (6), we
can express this sum as
S =
K1−1∑
kA1 =0
K1−1∑
kB1 =0
· · ·
Kd−1∑
kAd =0
Kd−1∑
kBd =0
f
([
d∑
j=1
K2j
2pi2
[
1−
cos
(
2pi
Kj
[αBj − αAj + kBj − kAj ]
)]
‖vj‖2
]1/2)
. (7)
It is important to note that, thanks to the periodicity of
the CSC, each double sum over kAj and k
B
j can be reduced
to a single sum by the substitution kj = k
B
j − kAj . We
finally obtain
S =
Kj−1∑
kj=0
· · ·
Kd−1∑
kd=0
f
([
d∑
j=1
K2j
2pi2
[
1−
cos
(
2pi
Kj
[αBj − αAj + kj ]
)]
‖vj‖2
]1/2)
. (8)
Therefore, a sum over all the atom pairs, needed to com-
pute the Madelung constant, reduces to a sum over the
individual atoms only.
The Madelung constant MA is the electrostatic poten-
tial felt by an ion A due to all other ions in the crystal.
It can be expressed as a lattice sum and its standard
definition is given by
MA =
∑
B 6=A
zB
RESCAB /R
ESC
0
, (9)
where zA is the valency of ion A, R
ESC
AB is the distance be-
tween ions A and B in the ESC and RESC0 is the nearest-
neighbor distance in the ESC. Instead, in terms of the
renormalized distance the Madelung constant of ion A is
redefined in our approach as
MA =
∑
B 6=A
zB
RCSCAB /R
CSC
0
(10)
= RCSC0
∑
B 6=A
zB
Kj−1∑
kj=0
· · ·
Kd−1∑
kd=0
[
d∑
j=1
K2j
2pi2
[
1−
cos
(
2pi
Kj
[αBj − αAj + kj ]
)]
‖vj‖2
]−1/2
, (11)
where we used Eq. (8). Here RCSC0 is nearest-neighbour
renormalized distance in the embedding space of the
CSC. Equation (11) is the main result of this work. We
note that the cohesion energy Ecoh can be obtained from
the knowledge of the Madelung constants of the ions in
the lattice according to
Ecoh =
∑
A
zAMA. (12)
We now compare the following three approaches to cal-
culate Madelung sums,
1. The plain sum over the ESC of increasing size ac-
cording to Eq. (9). This approach gives in general
non-converging sums, and is added tor complete-
ness. We note that the supercell is not electrically
neutral in this approach.
2. The sum over the ESC with surface-weighted
charges according to Evjen’s method, i..e.,
MA =
∑
B 6=A
wB
zB
RESCAB /R
ESC
0
, (13)
where the weight wB is equal to 1/2, 1/4, and 1/8
for an ion on the face, edge, and summit of the
ESC, respectively; wB = 1 for all ions inside the
ESC.
3. The sum over the CSC with renormalized distance
according to Eq. (11), which is the method pro-
posed in the present work.
We limit ourselves to these three methods since they are
of similar simplicity. We note that since the numerical
precision is a key issue in order to obtain a large number
of significant digits, all our results have been obtained
using quadruple precision.
We consider here three types of crystal structures,
namely NaCl, CsCl, and ZnS, which represent, the rock-
salt, the CsCl, and the zincblende structures, respec-
tively. In Tables I, II, and III, we report the Madelung
constants computed for a set of cubic supercells (K =
K1 = K2 = K3) of increasing size for NaCl, CsCl, and
4TABLE I. The Madelung constant of Na+ in NaCl for various
values of K, the number of unit cells per side. The extrapo-
lated K →∞ value has been obtained through a linear fit in
K−2 according to Eq. (14) using the CSC results that corre-
spond to the two largest K values.
K ESC Evjen CSC
40 -1.7333090325 -1.7475646102 -1.7479830134
41 -1.7614766492 -1.7475645804 -1.7479628535
42 -1.7339798824 -1.7475646075 -1.7479441161
43 -1.7608370145 -1.7475645829 -1.7479266706
60 -1.7380216149 -1.7475645977 -1.7477505682
80 -1.7403925416 -1.7475645956 -1.7476692067
100 -1.7418198158 -1.7475645950 -1.7476315469
120 -1.7427733060 -1.7475645948 -1.7476110895
∞ -1.7475645953
Reference value: [17] -1.7475645946
ZnS, respectively. For simplicity K will denote the num-
ber of unit cells per side in the following. We see that,
while the ESC and Evjen approaches only converge for
NaCl, our CSC approach converges for all three struc-
tures. More importantly, the CSC Madelung sums con-
verge to the reference values. Let us briefly discuss the
three crystal structures in more detail.
NaCl : The Madelung constant for the NaCl crystal has
been evaluated with high accuracy. Its fifteen-digits ap-
proximate value is −1.74756459463318 [17]. The plain
sum over ESC of increasing size converges extremely
slowly to this limit with a series of alternating values
that are above and below the exact value, depending on
the total charge of the supercell. In the case of NaCl
the Evjen method converges extremely fast to the refer-
ence value. Finally, the Clifford series converges to the
reference value with a convergence rate in between that
of the ESC and Evjen approaches. As can be seen in
Fig. 2 the convergence of the NaCl Madelung constant is
monotonic in the CSC approach. Thanks to this mono-
tonicity we can extrapolate the finite-size results to that
corresponding to the infinite-size CSC. In Table I, we also
report this extrapolated CSC value, which coincides with
the exact result up to the ninth decimal digit using just
120 unit cells per side. We will discuss the details of our
extrapolation method below.
CsCl : The case of CsCl is well known, since by per-
forming Evjen’s approach one gets two different limits,
i.e., one limit for K even and another limit for K odd.
The reason, as already discussed by Evjen himself in his
paper, is because the surface of the supercell contains
either only cations or only anions. The commonly ac-
cepted value for the Madelung constant of this crystal
is the average between the two limiting values, i.e., -
1.76267477307098 [18]. The values obtained with the
plain ESC method are wildly oscillating. Instead, our
CSC approach is the only one that converges to the ref-
TABLE II. The Madelung constant of Cs+ in CsCl for various
values of K, the number of unit cells per side. The extrapo-
lated K →∞ value has been obtained through a linear fit in
K−2 according to Eq. (14) using the CSC results that corre-
spond to the two largest K values.
K ESC Evjen CSC
40 -165.1951301706 -3.1228159774 -1.7613129129
41 -172.8428945898 -0.4025235314 -1.7613786888
42 -173.4399599212 -3.1228353436 -1.7614398086
43 -181.0877243486 -0.4025055166 -1.7614967019
60 -247.6434281092 -3.1229317065 -1.7620703281
80 -330.0917264008 -3.1229722138 -1.7623349348
100 -412.5400247666 -3.1229909632 -1.7624573245
120 -494.9883231553 -3.1230011482 -1.7625237851
∞ -1.7626748322
Reference value: [18] -1.7626747731
erence value. Again, the convergence is monotonic (see
Fig. 2) and by extrapolating the values of the finite-size
CSC we obtain a correspondence with the reference value
up to the seventh decimal digit using just 120 unit cells
per side.
ZnS : As in the previous case of the CsCl crystal, also
for the ZnS crystal structure, only charges with the same
sign are located on the faces of the ESC. However, in
this case Evjen’s approach converges to the same incor-
rect limit for both even and odd numbers of unit cells
on each side of the supercell. We note that a different
limit could be obtained if instead of an integer number
of unit cells per side one would use a half-integer num-
ber of unit cells on each side of the supercell. The value
for the Madelung constant of the ZnS crystal turns out
to be the average of the two limiting values. It is given
by -1.6380550533 [19]. The sum over a plain ESC does
not appear to converge, similarly to what happens in
the CsCl case, because the supercells are highly charged.
Again, our CSC method is the only one that converges
to the reference bulk limit. Moreover, the convergence is
monotonic (see Fig. 2) and by extrapolating the values
of the finite-size CSC we obtain a correspondence with
the reference value up to the seventh decimal digit using
just 120 unit cells per side.
As can be seen from the tables above, the calculation
of the Madelung constant from a single CSC, even of
large size (K ≈ 100), yields an approximation of the ex-
act value, corresponding to the system of infinite size,
up to four or five digits. An important advantage of
our CSC approach is that we can obtain a much better
approximation of the exact value by extrapolating the
Madelung constants computed for the finite-size CSC’s
to the infinite-size limit. It turns out that the CSC
Madelung constants follows the following inverse power
law as a function of the system size K,
M(K) = M∞ + CK−2, (14)
5-1.7479
-1.7478
-1.7477
-1.7476
-1.7475
M
N
a+
0 0.0001 0.0002 0.0003 0.0004 0.0005 0.0006
K-2
-1.63807
-1.638065
-1.63806
-1.638055
M
Zn
2+
-1.763
-1.7625
-1.762
-1.7615
-1.761
M
Cs
+
NaCl
CsCl
ZnS
FIG. 2. The Madelung constants for the cations in NaCl,
CsCl and ZnS, respectively, as a function of K−2. The red
dots indicate the extrapolated values which were obtained
according to Eq. (14).
where M∞ is the Madelung constant of the infinite crys-
tal and C is a constant. In Fig. 2 we used this inverse-
power law to fit the computed Madelung constants of the
finite systems. We observe an almost perfect linearity
of the curves for all three crystal structures. Therefore,
in practice, we used just the two largest values of K in
Eq. (14) to obtain M∞. The extrapolated values in the
tables were obtained in this way. As can be seen from
those results the inverse-power law yields very accurate
results for M∞, increasing the correspondence with the
reference values to seven, eight or even nine digits.
In conclusion, we presented a formalism suitable for
the computation of lattice sums of ionic crystals. The
general strategy of our approach consists in transforming
TABLE III. The Madelung constant of Zn2+ in ZnS for var-
ious values of K, the number of unit cells per side. The ex-
trapolated K →∞ value has been obtained through a linear
fit in K−2 according to Eq. (14) using the CSC results that
correspond to the two largest K values (both corresponding
to K even).
K ESC Evjen CSC
40 164.295318 -2.3182037805 -1.6380663149
41 168.405536 -2.3182050224 -1.6380657779
42 172.539858 -2.3182062003 -1.6380652782
43 176.650643 -2.3182072755 -1.6380648124
60 246.741576 -2.3182182423 -1.6380600884
80 329.188848 -2.3182233050 -1.6380578914
100 411.636528 -2.3182256484 -1.6380568714
120 494.084414 -2.3182269215 -1.6380563166
∞ -1.6380550555
Reference value: [19] -1.6380550533
a supercell of a periodic system into a Clifford torus, and
then renormalizing the distance between two points on
the torus as the Euclidean distance between these points
in the embedding space of the torus. In this way, a lattice
sum on an infinite periodic system is replaced by a se-
quence of sums over finite periodic systems, and the value
for the infinite crystal is then obtained by extrapolat-
ing to the infinite-size limit. As a numerical illustration,
we computed the Madelung constants of ionic crystals.
The values we obtain are in excellent agreement with the
available reference data. Finally, we note that the same
formalism can be applied to calculate the properties of
electronic systems, e.g., Wigner crystals [20].
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